Abstract-Controlling the charge, rather than the voltage, on a parallel-plate, electrostatic actuator theoretically permits stable operation for all deflections. Practically, we show that, using charge control, the maximum stable deflection is limited by 1) charge pull-in, in which the actuator snaps due to the presence of parasitic capacitance and 2) tip-in, in which the rotation mode becomes unstable. This work presents a circuit that controls the amount of charge on a parallel-plate, electrostatic actuator. This circuit reduces the sensitivity to parasitic capacitance, so that tip-in is the limiting instability. A small-signal model of the actuator is developed and used to determine the circuit bandwidth and gain requirements for stable deflections. Four different parallel-plate actuators have been designed and tested to verify the charge control technique as well as to verify charge pull-in, tip-in, and the bandwidth requirements. One design travels 83% of the gap before tip-in. Another design can only travel 20% of the gap before tip-in, regardless of whether voltage control or charge control is used.
I. INTRODUCTION

M
ANY MEMS applications, such as mirrors, optical gratings, variable capacitors, and accelerometers, use parallel-plate, electrostatic actuators. Typically, these parallel-plate actuators are controlled by voltage sources. The problem with voltage control is that a voltage source provides destabilizing, positive feedback. When the actuator deflects, its capacitance increases. In turn, the voltage source adds more charge causing the actuator to deflect further. This positive feedback causes instability in parallel-plate actuators that limits the stable range of motion to 33% of the gap.
There is a plethora of techniques to increase the stable range of parallel-plate actuators. The simplest approach is to design the gap to be large so that the actuator is stable over the desired operating range. However, the maximum gap is generally determined by the fabrication technology and cannot easily be changed by the designer. A related approach makes use of other mechanical modifications, such as leverage and nonlinear, stiffening springs [1] , [2] to extend the stable range of voltage controlled actuators. Generally, these techniques come at the expense of increased voltage requirements. A second approach extends the range of voltage controlled actuators using feedback to stabilize actuators in the unstable region. This approach typically requires additional electrodes or sensors for measuring position. For example, controlling the voltage based on measured position [3] , or controlling the voltage based on measured capacitance [4] . A third approach uses electrical sources other than simple voltage sources to control parallel-plate actuators. Examples include using a voltage source with a series capacitance [5] , [6] , using a voltage source with a series inductance [7] , or controlling the charge on the actuator [8] - [10] . Among the many designs, the series inductor technique [7] stands out for its promise of enhanced stability and lower supply voltages. Unfortunately, this technique is not amenable to monolithic integration due to the lack of suitable inductors in integrated circuits processes.
Controlling charge on parallel-plate actuators has the benefit of increasing the stable range of motion ideally without increasing the voltage requirement and without the need for extra electrodes. Furthermore, it can be implemented monolithically for applications using large arrays of actuators where discrete components are not practical.
This paper demonstrates the benefits and limitations of charge control for parallel-plate actuators using the switched-capacitor, charge control circuit originally presented in [9] . Section II starts with a dynamic model of the parallel-plate actuator including two degrees of freedom: translation and rotation. Next, Section III illustrates the actuator stability using potential energy. Section IV presents the equilibrium behavior of the actuator and develops a small-signal model of the actuator. The small-signal model identifies two instabilities that limit the stable range of charge controlled, parallel-plate actuators: 1) charge pull-in, in which the actuator snaps due to the presence of parasitic capacitance and 2) tip-in, in which the rotation modes, originally discussed in [6] , become unstable. Section V introduces the switched-capacitor, charge control circuit and determines the circuit requirements for stability. Section VI discusses the experimental actuator designs and circuit implementation, and Section VII presents the results, including a design that achieves deflections up to 83% of the gap before tip-in. Finally, in Section VIII, the voltage requirement of charge control is minimized showing a clear benefit over the simplest solution of a voltage controlled actuator with a larger gap.
II. NONLINEAR ACTUATOR MODEL
A. Structure Description
An electrostatic actuator is a capacitor in which one or both of the electrodes are allowed to move in response to electrostatic 1057 forces. Fig. 1 shows an ideal parallel-plate actuator, which consists of one moving electrode and one fixed electrode separated by gap . The moving electrode is supported by the mechanical suspension . The moving electrode is pulled distance toward the fixed electrode by the electrostatic, attractive forces that result from the charge on the electrodes. The potential across the actuator is . The electrodes are assumed to be good conductors so that resistance and depletion can be ignored.
Ideally, the parallel-plate actuator has only one degree-offreedom: translation. In practice, the actuator has six rigid body modes plus countless bending modes. Fig. 2 shows a slightly more realistic model of a parallel-plate actuator with two degrees of freedom: translation and rotation. The finite, rotational stiffness allows the electrode to tip. The angle of the electrode is . The deflection of the electrode center is . In the parallel-plate actuator, tipping is undesired, but as will be shown later, due to finite rotational stiffness, the rotation mode can become unstable. Fig. 2 also includes parasitic capacitances, , , and , that are not present in the ideal model. These parasitics might model wiring capacitance, substrate capacitance, and fringing field capacitance. It will be shown that these parasitic capacitances limit the stable range of charge controlled actuators. Notice that in Fig. 2 , charge represents the charge on the actuator plus the charge on the parallel, parasitic capacitance.
It does not include the charge on the top-and bottom-plate parasitics. The effects of the top-and bottom-plate parasitics depend on the implementation of the actuator circuit and will be discussed in Section V.
B. Dynamic Model
Like other capacitors, the parallel-plate actuator can be modeled by a transfer function from voltage to charge. However, the actuator model also accounts for the dynamics of the moving electrode.
The charge on the actuator depends on the actuator voltage and capacitance , which depends on the deflection and angle of the moving electrode
The charge stored on the actuator results in an electrostatic force that acts on the moving electrode. The electrostatic force can be expressed as a function of voltage and capacitance,
The electrostatic force actuates both the translation and rotation modes of the moving electrode. The electrode is also subject to spring restoring forces, viscous damping forces, external force , and external torque . Assuming that there is no mechanical coupling between the modes, the dynamics are modeled by
where is the electrode's mass, is the electrode's moment of inertia, and are the damping constants, and are the spring constants, and and are the partial derivatives of in the directions denoted by the subscripts.
Equation (1), (3a), and (3b) model the electrostatic actuator as a nonlinear, dynamic, capacitance. The capacitance values specific to the parallel-plate actuator are derived next.
C. Capacitance
The actuator capacitance is modeled by the ideal actuator capacitance plus the constant, parallel capacitance . Ignoring fringing fields, (4) where is the permittivity of air, is the electrode length, is the width of the electrode, and is the gap at position along the electrode. Using a small-angle approximation leads to (5) where is the nominal gap.
The capacitance changes with the electrode deflection and angle . When the moving electrode is parallel to the fixed electrode, the capacitance is (6) where is the nominal parallel-plate capacitance. The partial derivatives of the capacitance are
It is not surprising that, when , the capacitance and its first partial derivatives simplify to the well-known, parallel-plate approximations. However, as will be shown later, this does not imply that the actuator angle can be neglected.
III. POTENTIAL ENERGY
The potential energy stored in an electrostatic actuator consists of the mechanical energy stored in the springs plus the electrical energy stored in the capacitance. For a 2-DOF actuator without spring coupling between the translation and rotation modes, the potential energy of the actuator is (8) However, the actuator is not the only component of potential energy. The electrical source provides potential energy that drives the actuator. The total potential energy is (9) For a charge controlled actuator, the source component of potential energy is , provided that the charging time constant is fast compared to the mechanical dynamics. The energy depends on the initial value of the capacitance, , and is negative because the source loses energy. Therefore, the net potential energy for a charge controlled actuator is (10) For a voltage controlled actuator, the voltage source provides charge and potential energy . The voltage source continues to add energy while the actuator moves and the capacitance increases. Therefore, the net potential energy for a voltage controlled actuator is (11) The term represents the electrical energy provided by the voltage source that is not stored in the capacitance. It is the energy that is available to do mechanical work or generate heat. Fig. 3 shows an example of the potential energy surface for a voltage controlled actuator versus normalized deflection and angle . For a constant voltage (or charge) the actuator always seeks out the orientation with the lowest potential energy. Hence, a local minimum in potential energy corresponds to an equilibrium deflection that is locally stable. A local maximum or a saddle in potential energy corresponds to an equilibrium deflection that is unstable. In the example shown in Fig. 3 , there is one stable equilibrium deflection, marked with a circle. There is one unstable equilibrium deflection, marked with a triangle, which is a potential energy maximum along the -direction. Other actuator designs can exhibit equilibria that are unstable along the -or -direction only or along both the -and -directions.
Potential energy provides a relatively simple way to determine the pull-in points of electrostatic actuators. In a one-degree-of-freedom actuator, the requirement for stability is that the potential energy is concave up, or equivalently , at the equilibrium deflection. For multiple-degree-of-freedom actuators, a deflection is stable if the eigenvalues of the Jacobian matrix are all positive. Reference [2] makes use of potential energy to determine the pull-in points of a variety of actuators. Unfortunately, these potential energy requirements do not guarantee stability when the actuator is included in an active circuit. Hence there is a need for a small-signal model, which is presented in Section IV.
Furthermore, it is important to keep in mind that the conditions based on potential energy or on the small-signal model are for local stability; they are only applicable for small deflections near the equilibrium point. Large deflections away from a locally stable equilibrium point might not be stable. For example, a step in voltage (or charge) might lead to dynamic pull-in [11] if the initial orientation has higher potential energy than the local maximum. In Fig. 3 , dynamic pull-in could occur if the actuator starts at zero deflection, provided that the damping is low enough. In a second example, if the voltage (or charge) oscillates at the resonant frequency of the structure, the actuator might build up enough energy to get over the local maximum causing resonant pull-in [12] . The stability conditions for these nonequilibrium cases depend not only on the potential energy but also on the damping, the excitation, and the initial conditions. 
IV. SMALL-SIGNAL MODEL
This analysis focuses on static deflections of the electrode and circuits for stabilizing the electrode. The actuator behavior can be separated into equilibrium response and small-signal, dynamic response. The variables, charge , voltage , deflection , angle , force , and torque will be represented by the sums of equilibrium values plus small-signal components. For example, (12) where is the equilibrium deflection, and is the smallsignal perturbation from the equilibrium deflection.
A. Equilibrium
In equilibrium or equivalently, . The nonlinear dynamic equations (3a) and (3b) simplify to the balance of electrostatic force, spring restoring force, and external forces. Assuming that the external forces and torques are zero in equilibrium, the equilibrium condition is satisfied, when the electrodes are parallel, i.e., , by the following algebraic equations relating deflection, voltage, and charge
There is a second set of equilibrium solutions, in which the electrode is tipping, i.e., , that is outside the focus of this paper.
The relationship between the actuator voltage and the deflection, (3a), is plotted in Fig. 4 . In equilibrium, the maximum voltage across the actuator is , the so-called pull-in voltage (14) Independent of parasitic capacitance , the pull-in voltage corresponds to deflection . For actuator voltages less than , there are two corresponding equilibrium deflections. Under voltage control, the larger deflection is unstable, but can be stabilized using charge control. If the voltage is greater than , the actuator cannot be in equilibrium, and given enough time, the moving electrode will snap against the fixed electrode [13] .
The relationship between charge and deflection, in equilibrium, depends on the parasitic capacitance . Two examples are plotted in Fig. 5 , in which is the actuator charge required to close the gap. In the case of , there is one unique equilibrium deflection for every value of charge, until the gap is closed. In the case of , there is a maximum charge, for which equilibria exist, called the pull-in charge, (15) Charge pull-in marks the stable limit for a charge controlled actuator. The corresponding charge pull-in deflection is derived in Section IV-E. It depends on the size of , but charge pull-in is always associated with a larger deflection than voltage pull-in. For the example with , charge pull-in occurs for a deflection . , corresponds to the low-frequency, smallsignal capacitance. For deflections before voltage pull-in, the slope is positive, corresponding to positive, small-signal capacitance. At voltage pull-in, the small-signal capacitance is undefined. Beyond voltage pull-in, the slope and the small-signal capacitance are negative but become zero at the charge pull-in point, provided that .
B. Small-Signal, Dynamic Model
An equilibrium deflection may or may not be stable depending on how the actuator is controlled. For an actuator controlled passively, the potential energy indicates stability, but for an actuator controlled by an active circuit, the local stability of an equilibrium point can be determined from the small-signal dynamics.
The small-signal charge is the first-order terms from a Taylor series expansion of (1) near an equilibrium point (16) Linearizing (2), in the same manner, leads to the small-signal electrostatic force (17) where is the second, partial derivative of with respect to its subscripts. The terms in the electrostatic force result in forces that are proportional to position and angle. This is the electrostatic spring effect in two dimensions.
When the electrodes are parallel, the electrostatic springs do not couple the translation and rotation modes because the offdiagonal components are (18) Furthermore, , which means that a small change in voltage has no effect on the torque applied to the electrode, and a small change in the electrode angle does not change the charge on the actuator. The resulting small-signal dynamics are
The Sections IV-C-F study these small-signal, dynamic equations in more detail. The section concludes with a small-signal circuit model that is suitable for stability analysis in an active circuit.
C. Rotation Dynamics and Tip-In
The small-signal rotation dynamics are given in (19b). The Laplace transform of the small-signal angle is (20) where is the electrostatic rotation spring constant. Notice that the angle only responds to external torques. It does not respond to voltage, and according to (19c), the charge does not respond to a change in angle. For these reasons, the rotation mode is uncontrollable and unobservable when the electrodes are parallel.
Nevertheless, the electrostatic actuator provides positive feedback that destabilizes the rotation mode. For example, if the electrode begins to tip, charge will move to the side with larger capacitance, which in turn causes the electrode to tip even further. The positive feedback is represented by a negative spring effect. Starting from (19b), the electrostatic rotation spring constant is (21) Notice that the spring constant depends on the electrode length . It also depends on voltage, but this dependence is removed using equilibrium (13a).
If the electrostatic rotation spring constant tunes the mechanical spring constant to zero, the rotation mode will become unstable and the electrode will "tip-in," or rotate until it snaps against the fixed electrode. The rotation mode is unstable for . Tip-in occurs at
The rotation mode is stable for deflections less than , but its resonant frequency is reduced. Deflections greater than are unstable.
When the two electrodes are parallel, the rotation mode of the actuator is uncontrollable and unobservable. It cannot be stabilized by circuit feedback without additional electrodes. The only way to prevent the actuator from tipping is through mechanical design, such as increasing the rotational stiffness, decreasing the translational stiffness, or reducing the actuator length. Once the electrode tips, the rotation mode becomes controllable and observable, but the angle is still unstable without feedback.
D. Voltage Control and Pull-In
The translation dynamics are given in (19a). The Laplace transform of the small-signal deflection is (23) where is the voltage controlled electrostatic translation spring constant. Starting from (19a) (24) in which the voltage dependence is removed using equilibrium (13a).
Under voltage control (e.g., ), the resonant frequency and the mechanical stiffness are reduced by . The electrode is unstable when . Voltage pull-in occurs for deflections greater than (25) The maximum stable deflection is the minimum of and . Typically, a voltage controlled actuator is limited by voltage pull-in. However, an actuator with low rotational stiffness can tip-in at deflections less than 1/3 of the gap.
E. Charge Control and Pull-In
The deflection response to small-signal charge can be found by eliminating in the Laplace transforms of (19a) and (19c). (26) where is the charge controlled electrostatic translation spring constant (27) in which the voltage dependence is removed using equilibrium (13a). If there is no parasitic capacitance , then the charge controlled spring constant is zero. Under charge control (e.g., ), the mechanical stiffness and the resonant frequency are reduced by . The translation mode is unstable when . Ideally, charge pull-in occurs at (28) The maximum stable deflection is the minimum of and .
If
, charge pull-in will not occur, and only tip-in limits the maximum stable deflection. On the other hand, if is much larger than , there is no benefit to charge control because charge pull-in will occur at . It will be shown in Section V, that the top-and bottom-plate parasitic capacitors can cause pull-in to occur before .
F. Small-Signal, Equivalent Circuit
Equation (23) or (26) represents the relevant dynamics for actuators that are stabilized using position feedback. For circuit based stabilization, it is convenient to model the actuator as a small-signal circuit element. Combining (23) and (26) and eliminating , results in the transfer function from small-signal voltage and force to small-signal charge. This result is represented in Fig. 7 by the two equivalent circuit models in which
The voltage controlled spring constant is given in (24), and the charge controlled spring constant is given in (27). For deflections greater than voltage pull-in, the small-signal capacitance has one pole in the right half plane (RHP). For deflections greater than charge pull-in, the small-signal capacitance also has one RHP zero. and represent the effect of a small-signal force, such as mechanical noise or inertial forces. These models are comparable to the model of a 1-port resonator used in [14] , for example. Fig. 8 shows the small-signal capacitance versus frequency for three different equilibrium deflections. The resonance corresponds to the resonant frequency of the voltage controlled actuator. The antiresonance corresponds to the resonant frequency of the same actuator controlled by charge. Notice that the resonant frequency decreases with increasing deflection, but in the absence of parasitic capacitance, the antiresonant frequency remains constant. At higher frequencies, where the actuator's inertia prevents it from moving, the effective capacitance is (30) At lower frequencies, the actuator moves in response to the electrostatic force. In this case, the effective capacitance is (31) Notice that, in agreement with Fig. 6 , the low-frequency capacitance, is undefined at and is negative between and . The rotation dynamics do not show up in the small-signal capacitance because the rotation mode is uncontrollable and unobservable electrically, when the electrodes are parallel.
V. CHARGE CONTROL CIRCUIT Fig. 9 shows the switched-capacitor circuit for controlling the charge on an electrostatic actuator, represented by variable capacitor . This circuit was originally proposed in [9] , and similar circuits are presented in [8] and [10] . The circuit has two phases of operation. In the reset phase , the amplifier is put into unity gain feedback and the actuator is completely discharged. The charge is sampled onto the input capacitor . In the charge control phase , the amplifier adjusts the voltage across the actuator until the voltage across is zero. At that point, the charge that was initially stored on has been transferred to the actuator. The small-signal, equivalent circuit in phase is shown in Fig. 10 , in which is the input capacitance of the amplifier. The switched-capacitor charge control circuit consists of an op-amp and capacitive divider feedback. Design of this circuit, with an electrostatic actuator, is similar to the design of any other switched-capacitor gain stage. The closed-loop bandwidth and closed-loop stability can be determined from the open-loop gain, which is the product of the amplifier transfer function and the feedback factor (32)
What makes this design different from typical switched-capacitor circuits is that the feedback capacitor has additional dynamics, and the feedback factor can be open-loop unstable.
A. Feedback Factor
The capacitive divider that includes the actuator provides feedback to the amplifier. The feedback factor is (33)
Even without the amplifier, the capacitive divider has a stabilizing effect. It was originally proposed as a way to stabilize parallel-plate actuators against voltage pull-in [5] . The feedback factor is marginally stable if there is a pole on the -axis in the -plane. Equivalently, the capacitive divider becomes unstable when the following condition is met:
(34)
The capacitive divider can be stable over the entire gap, without the amplifier , provided that . However, the capacitive divider does not extend the tip-in point, so it might become unstable at smaller deflections due to tip-in.
The capacitive divider, as a stabilizing technique, has been experimentally verified in [6] . It has two major drawbacks: 1) the maximum stable deflection is very sensitive to parasitic capacitance, seen above in (35), and 2) the supply voltage must be significantly larger than the pull-in voltage [5] .
B. Amplifier Requirements
In the switched-capacitor circuit, and the parasitics are often larger than . So, the feedback factor is unstable for deflections greater than in (35). There are a variety of amplifier designs that will stabilize the actuator against pull-in. The simplest design is a single pole amplifier (36) where is the unity gain frequency, and is the dc gain. The Nyquist criterion [15] indicates closed loop stability based on the open-loop frequency response. For the typical, open-loop-stable circuit, the Nyquist criterion requires that the open-loop gain must be less than unity for frequencies where the phase equals . In the charge control circuit, however, the feedback factor might or might not be unstable and the open-loop gain can have multiple crossings due to the poles and zeros of the actuator. In any case, the Nyquist criterion for stability can be met if the open-loop gain is greater than unity when the phase is . Fig. 11 illustrates an open-loop gain that satisfies this requirement. In the example, the actuator is operating between voltage pull-in and charge pull-in. The feedback factor has one RHP pole but no RHP zeros. A plot of this frequency response on the complex plane reveals one counterclockwise encirclement of the point, which meets the Nyquist stability criterion. When the actuator is in the voltage pull-in region, the open-loop phase is at dc. The stability condition requires that the open-loop gain be greater than unity at dc (37) Again using (31), it can be shown that this stability requirement is met for all deflections up to (38) Compared to pull-in for the capacitive divider, (35), pull-in for the charge control circuit is much less sensitive to capacitors , , and . Their effect is reduced by the amplifier gain. The effect of , however, is not reduced. For large dc gain, the pull-in point tends to the charge pull-in deflection in (28). The dc gain of the amplifier must be big to minimize settling errors, and generally, the dc gain will be big enough to eliminate the effect of capacitors other than . The unity gain frequency of the amplifier must be fast enough to respond to the actuator motion. To derive the requirement for unity gain frequency, first assume that the actuator is underdamped. The null in the feedback factor in Fig. 11 occurs at the charge controlled resonant frequency, . At this frequency, the effective capacitance is (39) where is the untuned resonant frequency, and is the quality factor. The phase of the feedback factor is approximately . If the dc gain of the amplifier is infinite, the amplifier provides another of phase. Thus, the open-loop phase is at , so stability requires that the open-loop gain must be greater than unity. gives the unity gain frequency needed to stably deflect across the entire gap:
If the unity gain frequency is high enough, the actuator will be stable for deflections up to the minimum of the tip-in point, (22), and the pull-in point in (38) above. While the preceding argument assumes a high-actuator and an infinite dc gain, Bode plots indicate that the frequency requirement, (41), is sufficient for low-actuators, and finite dc gain.
If the unity gain frequency is too low, the actuator can become unstable. Physically, if the actuator starts to pull-in, there will be a time delay before the amplifier can reduce the voltage across the actuator. Depending on the speed of the amplifier, the circuit might oscillate, or if the amplifier is very slow, the actuator will just snap. This behavior can be identified in a root locus of the open-loop gain.
Notice that the amplifier bandwidth must be times the mechanical resonant frequency. For a high-device, the unity gain frequency must be quite large compared to the resonant frequency. Physically, this is necessary because the amplifier must be able to respond to the actuator motion, and the velocity of the actuator, at resonance, is proportional to . In a vacuum, the amplifier bandwidth requirement might be prohibitively large. In this case, an amplifier that provides phase lead at is more suitable than the single pole solution described here.
C. Switching Effects
The preceding stability analysis depends on the small-signal capacitance model. However, this model is only valid for small perturbations from the equilibrium value. During the reset phase and the switching transients, the voltage across the actuator can differ greatly from the equilibrium value, and thus, the smallsignal condition is violated.
If clock phase is long enough such that the voltage across the actuator settles to the equilibrium value, then the small-signal model is valid and the preceding analysis is correct without further qualification.
On the other hand, if the circuit is switched faster than the mechanical bandwidth, the voltage across the actuator will not settle to the equilibrium value, and the small-signal condition is not met. The equilibrium deflection depends on the average force, which is proportional to the mean square voltage or charge. Computer simulations indicate that provided the amplifier is able to accurately settle, the small-signal capacitance approximates the actuator behavior over several switching cycles, even though it does not accurately model the switching transients. Furthermore, the preceding gain and frequency requirements are still sufficient for stability.
VI. IMPLEMENTATION
Four different parallel-plate actuators were designed to verify charge control as an effective actuation technique, as well as to verify the existence of the charge pull-in and tip-in instabilities. The charge control circuit and parallel-plate actuators were fabricated in the Analog Devices Mod MEMS process [16] , which integrates a 6--thick structural-polysilicon layer with 0.8--CMOS electronics. A photograph of the die is shown in Fig. 12 .
A. Structures
Out of the four actuators, there are three unique structures, shown in Fig. 13 , that are designed to tip-in at 19%, 60%, and 85% of the gap. Each one consists of a fixed, bottom electrode, shown in light gray, and a suspended, top electrode outlined in black. The fourth design is identical to the third, except that a capacitor was intentionally added in parallel with the actuator to demonstrate charge pull-in at 61% of the gap. All of the actuators translate normal to the substrate with a measured, nominal gap of 1.45 . The moving electrode is a square with side length . The fixed electrode is a square with side length plus four symmetric, thin electrodes for wiring. These additional electrodes slightly increase the electrostatic rotation spring constant, and hence tip-in will occur slightly before given in (22).
There are additional electrodes surrounding the actuator's fixed electrode shown in Fig. 12 . These are electrically connected to , in Fig. 9 , to reduce parasitic forces and minimize the top-plate, parasitic capacitance. Thus, is a variable capacitor like the actuator, but the dynamics can be ignored because the equilibrium voltage across the parasitic is kept small by the amplifier. The capacitance is modeled as a parallel-plate, variable capacitor that is nominally plus a fixed, parallel capacitance :
If the shield electrodes were connected to the moving electrode, the parasitic forces would be eliminated, and would be constant, but it would include a larger capacitance to the substrate.
The suspension consists of four or eight flexures with length and width anchored to the substrate. Using Euler beam theory [17] , the translational stiffness of one flexure is (43) where Young's modulus is approximately 160 GPa for silicon, and the flexure thickness is 6 in the Mod MEMS process. The rotational stiffness of a flexure depends on the axis of the torque. For a beam that is perpendicular to the axis of rotation and anchored at the center of rotation, it can be shown that (44) For a beam that is parallel to the axis of rotation (45) in which the torsional stiffness of the beam has been neglected.
According to (22), the tip-in deflection, , depends on the ratio of translational stiffness and rotational stiffness. For design #1, this tip-in parameter is (46) If the fixed electrode is twice the length of the suspension (i.e., ), the tip-in point is . If the electrode length is longer than , as it is in design #1, tip-in will occur for deflections less than 1/3 of the gap.
For designs #2 and #3, the tip-in parameter is (47) In these designs, if , the tip-in point will be 50% of the gap. The only way to increase the tip-in deflection is to decrease the fixed electrode size relative to the suspension length, as it is in designs #2 and #3. Reducing the electrode size increases the tip-in deflection, but it also increases the pull-in voltage. This tradeoff is discussed in Section VIII.
The three different mechanical designs differ in translational stiffness, rotational stiffness, and electrode size to demonstrate tip-in at three different deflections. In all three designs, the ratio of to was first determined from (22) and (46) or (47) for the desired tip-in deflection. The spring constant was chosen to give a pull-in voltage close to 3.5 V in (14) . Then, the number of flexures and the flexure width , in (43), were sized to give the desired spring constant. The resulting designs have significantly different resonant frequencies. The structure design data are shown in Table I . The capacitance design data are shown in Table II .
B. Circuit
The charge control circuit is schematically shown in Fig. 9 . The circuit is powered from a 5-V supply. The two clock phases, reset and charge control , are generated on-chip from an external oscillator. The switches are implemented using CMOS transistors.
For voltages , the amplifier output swings low to transfer positive charge to the top plate of the actuator. The amplifier is a two-stage, folded cascode, shown in Fig. 14 . Bias voltages, through , are generated by a high-swing bias circuit that is not shown. The amplifier gain is greater than There are several deterministic error sources that limit the accuracy of the controlled charge: 1) charge leakage, 2) amplifier offset, 3) charge injection, and 4) amplifier settling.
Charge leakage through the reverse-biased source or drain junction of switch is negligible for sufficiently high clock frequencies. However, the charge error is significant when the junction becomes forward biased causing charge to leak off of the actuator and into the substrate. When the clock switches from to , the voltage on the bottom plate of increases from to . A large voltage step could cause the negative terminal of the amplifier to momentarily exceed and forward bias the source or drain junction of switch . By limiting the current in switch , the voltage on the bottom plate of capacitor changes slowly so that the amplifier can keep the negative input terminal close to and thus prevent forward biasing the feedback switch. The current limited switch is shown in Fig. 15 . Terminal connects to , and terminal connects to the bottom plate of . When is high, the maximum current through is set by bias current , and when is low, is turned off. The choice of current limit depends on the slew rate of the amplifier and the size of the actuator. For design #3, the slew rate of the amplifier is approximately 33 . The current limit was chosen to be approximately 20 based on SPICE simulations.
The amplifier offset voltage can cause a charge error because the negative input of the amplifier settles to during the charge transfer phase. Charge error due to offset is cancelled by putting the amplifier into unity gain feedback during the reset phase so that the voltage at the negative input is constant for both phases. Without this technique, the charge error would be , but this error would be constant and could be corrected simply by adjusting the input voltage .
Another source of error is charge injection from the switches during the transition from to . By opening switch before switch , switch is the only source of charge injection, and the error charge is independent of [18] . Switch is designed as small as possible to minimize the injected charge, and a dummy switch is used for first order cancellation of the charge [19] . The residual error is approximately constant and can be corrected simply by adjusting the input voltage .
To first order, the average charge on the actuator depends on and the duty cycle of the charge control phase . However, due to the settling transient, the charge is not constant during , so the average charge depends on the settling time. Provided that the amplifier settles fast enough, the actuator dynamics can be ignored, and the settling time to 0.1% depends nonlinearly on the actuator capacitance (48) which is seven, closed-loop time constants with in radians per second. Due to amplifier slewing and the current limit in switch , the settling time is increased and also depends on . To minimize the resulting, nonlinear error on the average charge, the settling transient should be short compared to the duration of the charge control phase. The unity gain frequency was chosen to give adequate settling in the worst case, which is the undeflected actuator. For larger deflections, the capacitance is larger, and thus the settling time is smaller. For example, a deflection that is 80% of the gap might reduce the settling time by as much as a factor of five. In actuator #3, however, the settling time changes by less than a factor of two because also increases with deflection. For designs #1 and #2, the unity gain frequency is 5 MHz, and for designs #3 and #4, which have a larger top-plate parasitic capacitance, the unity gain frequency was chosen to be 10 MHz. Fig. 16 shows the output voltage and clock versus time measured in response to a step change in input voltage . The clock frequency is 100 kHz with a 20% duty cycle. When is high, the amplifier is reset, and the output is driven to . When is low, the amplifier tries to transfer the desired charge onto the actuator by lowering the output voltage. The settling transient is much shorter than the charge control phase. Initially, the actuator capacitance is small so the amplifier rails at its low voltage of about 0.25 V. After 50 , the actuator capacitance has increased and the amplifier output voltage changes to maintain a constant charge while the actuator is moving. In steady-state, the amplifier settles to a constant voltage.
VII. EXPERIMENTS AND RESULTS
A. Actuator Stability
Figs. 17 and 18 show the measured actuator rms voltage and position versus the actuator rms charge for designs #3 and #4 in steady-state. The maximum measured deflection for design #3 is 83% of the gap, or 1.2 . Design #4, which has an identical structure but an intentionally added, parallel capacitance, only travels 64% of the gap or 0.93 . The charge was varied by controlling the input voltage . The actuator voltage was determined from the change in amplifier output voltage between the reset phase and the charge control phase . The actuator deflection was measured simultaneously using a Wyko NT3300 white-light interferometer, made by Veeco. The clock frequency was nominally 100 kHz with a 20% duty cycle for the reset phase. One data set of voltage versus charge was recorded using a 40% duty cycle, and another data set was recorded at a 10 Hz reset frequency to verify that the actuator responds to rms voltage and charge. These data sets are included in Fig. 17 and are indistinguishable from the others. At 10 Hz, it was not possible to measure deflection using the interferometer because the light source generated charge in the junctions of the reset switch, which transferred to the actuator and caused it to move. For a 100 kHz reset frequency, photogeneration is a less significant problem because there is less time for charge to accumulate. A more robust design should use a metal layer to block light from the junctions connected to the top plate of the structure.
Figs. 17 and 18 also include curves based on the equilibrium equations in Section IV. The curves were generated using the values for , , and shown in Table III . The tip-in deflection, (22) , and the charge pull-in deflection, (28), were used to predict the unstable region. The data were determined from the measured actuator voltage and the input voltage . First, the pull-in voltage was assumed to be the maximum rms voltage measured across the actuator. Next, the normalized deflection was estimated using (13a) and (14) . Last, the charge on the actuator was modeled as , where is a constant offset due to charge injection, for example. The parameters , , and , in (13b), were chosen from a least-mean-square fit using the known actuator voltage , the known input voltage , and the estimated position . The charge offset has been removed from the data in the plots shown. For design #1, the pull-in voltage could not be measured because tip-in occurs before one-third of the gap. In this case, the pull-in voltage shown in Table III was chosen because the data extraction resulted in small, but positive, values of parasitic capacitance. The capacitance parameters match the design values within 7%. Fig. 19 compares the measured and modeled voltage versus deflection. The steady-state voltage depends on the electrode position and any external force applied to the actuator. It is independent of parasitic capacitance and offset charge . Provided that the external force is constant, the voltage measurement can be used in place of position measurement.
The model parameters were estimated from the electronic data shown in Fig. 17 . The same parameters are used in Figs. 18 and 19, which show good agreement between measured and modeled deflections. The discrepancies at large deflections are caused by the electrode tipping before becoming unstable. This was likely due to asymmetries in the structure fabrication, such as the beam widths or the shapes of the electrodes. The maximum measured deflections, shown in Table III , agree well with theory and clearly show the limitations due to tip-in and charge pull-in. Design #1, which was designed to tip-in at 20% of the gap, also started tipping before becoming unstable. As expected, under voltage control, design #1 was limited approximately to the same stable range, 20% of the gap, because of tip-in. Designs #2 and #3 travel almost as far as predicted. Design #4 travels farther than expected, due to a smaller amount of parasitic capacitance, but it travels slightly less than is predicted by (28) using the extracted value of .
B. Circuit Bandwidth
The previous measurements were all made with the actuator in air at atmospheric pressure. Under those conditions, the actu- ator is highly overdamped. The unity gain frequency and hence power consumption of the amplifier can be reduced while maintaining a large, stable region.
At reduced pressures, the quality factor of the actuator increases. According to (41), the unity gain frequency required for stability also increases. To verify this requirement, the actuator was tested in a vacuum probe station made by MMR Technologies, Inc. with a custom made feedthrough to accommodate a 40-pin DIP package.
The was varied by allowing the chamber pressure to increase gradually from 25 mtorr up to 2 torr. At several different pressures, the actuator charge was increased until the circuit began oscillating. It was not possible to use the interferometer to directly measure the deflection in the vacuum chamber. Instead, the deflection was estimated from the measured actuator voltage. The actuator was estimated from the phase of the small-signal transfer function from to for a nominal value of corresponding to a nominal deflection of 5% of the gap. The unity gain frequency of the amplifier was determined to be approximately 10 MHz based on measurements of the closed loop settling time. Fig. 20 shows a plot of both the measured and the predicted maximum stable deflections of design #3 versus the quality factor . The theoretical curve is based on (40). The theory appears to underestimate the stability requirement by a factor of two to three in . Nevertheless, the data clearly shows that higher values of cause the circuit to become unstable at smaller deflections. As stated previously, an amplifier design that provides phase lead at the charge controlled resonant frequency might be more suitable for a high-structure.
C. Step Response
The preceding experiments verified the steady-state behavior and local stability requirements. This section shows large-signal, transient behavior of the actuator. Fig. 21 shows the measured amplifier output voltage during a step from zero deflection to 50% of the gap, and Fig. 22 shows the step response to 83% of the gap. In these experiments, was held constant, but the clock was operated at 100 Hz. Before time , the circuit is in reset phase and the amplifier is driven to 4.5 V. After time , the circuit is in charge transfer phase. Initially, the actuator capacitance is small, and the amplifier cannot transfer all of the charge to the actuator, so the output rails low. As the actuator moves and its capacitance increases, the amplifier voltage also increases to maintain a constant charge on the actuator.
In Fig. 21 , for 0.5 torr, the actuator is underdamped and rings in response to the step in charge, but the actuator is low enough that the amplifier remains stable. At higher pressures, the actuator decreases. In Fig. 22 , at 3.5 torr, the actuator damping is low enough that the actuator overshoots the stable equilibrium and moves into the unstable region resulting in dynamic pull-in, due to the large step. For smaller steps or higher damping, the actuator does not pull-in. At 7 torr, the damping is increased, and even though the actuator overshoots the stable equilibrium, it does not move into the unstable region. The actuator settles at 83% of the gap. At even higher pressures, the actuator is overdamped and settles more slowly.
VIII. MINIMIZING ACTUATION VOLTAGE
A charge controlled actuator can travel a larger percentage of the gap than a voltage controlled actuator. For example, design #3 travels 83% of the gap versus 33% of the gap under voltage control. The larger stable range can result in a lower voltage requirement for an actuator with a specified stiffness and a desired maximum deflection . Consider a parallel-plate actuator, similar to design #2 or #3 in Fig. 13 . The side length of the moving electrode is . The side length of the fixed electrode is . Regardless of whether voltage control or charge control is used, the maximum voltage across the actuator in equilibrium is the pull-in voltage, repeated here (49) Using voltage control, the maximum stable deflection is onethird of the gap. In order to achieve a maximum deflection equal to , the minimum allowable gap is . The electrode area can be maximized so that . Thus, the voltage requirement is (50)
For measured values similar to design #3, including , the maximum voltage required would be 5.2 V.
Using charge control, if the actuator has no parasitic capacitance and an infinitely stiff rotation mode, the actuator can stably deflect over the entire gap. For this ideal actuator to achieve a maximum deflection equal to , the minimum allowable gap is . Also in this ideal case, the electrode area can be maximized so that . Thus, the voltage requirement for an ideal, charge controlled actuator is (51) which is 5.2 times smaller than . For an actuator similar to design #3, the voltage required for ideal charge control would be 1 V.
In practice, the maximum stable deflection of a charge controlled actuator is the tip-in deflection , given in (22). Increasing the tip-in deflection requires lessening the negative rotational spring effect by reducing , the size of the actuating electrode. Using (22) and (47), the electrode size can be designed based on the gap and the maximum desired deflection (52) While reducing the size of the electrode extends the tip-in deflection, it also decreases the electrostatic force and raises the voltage requirement. In spite of this, a charge controlled actuator typically requires less voltage than the comparable voltage controlled actuator. The ratio of the maximum voltages is (54) which depends on the maximum deflection and the nominal gap of the charge controlled actuator. Fig. 23 shows a plot of this ratio and the corresponding actuator size versus the tip-in point of the charge controlled actuator. The minimum value of 0.5 occurs at and . Note that as the tip-in point approaches 100% of the gap, the electrode size must be reduced to zero, and the charge controlled actuator requires higher voltage than its voltage controlled counterpart.
Thus, the optimal design for a charge controlled actuator similar to designs #2 and #3 is to size the electrodes such that tip-in occurs at 66% of the gap. This design requires half of the voltage that a voltage controlled actuator with equal maximum deflection and stiffness requires. If a different suspension were designed with higher rotational stiffness and without increasing the parasitic capacitance, the optimal design would change, and the voltage requirement would be lower. The best design could reduce the voltage requirement 5.2 times.
IX. CONCLUSION
Charge control of parallel-plate, electrostatic actuators is an effective technique for increasing their stable ranges of motion. The charge control technique is limited by two instabilities: charge pull-in, due to parasitic capacitance, and tip-in, in which the tipping mode becomes unstable. Tip-in affects both voltage controlled actuators and charge controlled actuators. The charge control circuit presented reduces sensitivity to parasitic capacitance so that the limiting instability is tip-in. Tip-in depends on the rotational stiffness of the actuator and the size of the actuator. A different technique is needed to prevent tip-in or to stabilize the actuator while tipping. A third instability, due to finite amplifier bandwidth, limits the stable range of high-actuators.
The advantage of charge control for parallel-plate actuators is an increased range of stable deflections compared to a voltage controlled actuator. This work has demonstrated an actuator that travels up to 83% of the gap. This advantage translates into a lower voltage supply requirement for the charge controlled actuator. Ideally, a charge controlled actuator requires five times lower voltage than a comparable voltage controlled actuator. In the designs presented, the improvement is limited to a factor of two.
